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Abstract-A finite difference scheme based on flux difference splitting is presented for the solution 
of the Euler equations for the compressible flow of an ideal gas. A linear&d Riemann problem is 
defined, and a scheme based on numerical characteristic decomposition is presented for obtaining 
approximate solutions to the linearised problem. An average of the flow variables across the interface 
between cells is required, and this average is chosen to be the arithmetic mean for computational 
efficiency, leading to arithmetic averaging. This is in contrast to the usual ‘square root’ averages 
found in this type of Riemann solver, where the computational expense can be prohibitive. The 
method of upwind differencing is used for the resulting scalar problems, together with a flux limiter 
for obtaining a second order scheme which avoids nonphysical, spurious oscillations. The scheme is 
applied to a shock tube problem and a blast wave problem. Each approximate solution compares well 
with those given by other schemes, and for the shock tube problem is in agreement with the exact 
solution. 
1. INTRODUCTION 
In a recent paper [I], a linearised Riemann solver was presented for the Euler equations for the 
compressible flow of real gases, and utilised special averages for the derivatives of the equation 
of state to improve the robustness and efficiency of the algorithm presented in [2]. In turn, the 
scheme in [2] built on the ideas of the work in (31 for the compressible flow of an ideal gas. 
In this paper, a new scheme is presented for the Euler equations that incorporates these ideas. 
There is one distinct difference, however, between the Riemann solver presented here and the 
Riemann solvers [l-3]. Riemann solvers of this type require averages of the flow variables across 
the interface between adjacent computational cells, and a ‘square root’ average is utilised to 
make shock capturing automatic. In this paper, the arithmetic mean is chosen as the required 
average, whilst still retaining the crucial shock capturing property; this idea has been employed 
successfully for the shallow water equations in a recent paper [4]. This results in an efficient 
scheme, which is in contrast to schemes involving the ‘square root’ whose computational cost 
can be prohibitive. Although the derivation of this scheme is detailed, its implementation is 
straightforward. The resulting algorithm is efficient and produces satisfactory results for a shock 
tube problem, that are in accordance with the exact solution. The algorithm is also applied to 
a blast wave problem. For both problems, the results compare well with those given by other 
schemes [5,6]. 
2. GOVERNING EQUATIONS 
The Euler equations governing the flow of a compressible gas in one-dimension can be written 
in conservation form as 
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where 
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wt+F,=O, (2.1) 
w = (P, PU, elT, (2.2a) 
F(w) = (~21, P+P~, ~(P+P))~, and (2.2b) 
P 
e=- + 1 pu2. 
y-l 2 (2.3) 
The quantities p, U, p, and e represent the density, velocity, pressure, and total energy at position x 
and time t, and y denotes the ratio of specific heat capacities of the gas. 
3. LINEARISED RIEMANN PROBLEM 
We consider the approximate solution WY N W(xj, tn) to consist of a set of piecewise constants, 
and solve approximately the associated Riemann problems at the interface separating adjacent 
states. An approximate Jacobian needs to be constructed across an interface, so that shock 
capturing is automatic, and this represents an average of the Jacobian matrix evaluated at either 
side of the interface. 
3.1. Structure 
The Jacobian matrix 
of the flux function F(w) has eigenvalues Xi with corresponding eigenvectors ei, i 
given by 
a2 
T 
A1 =~+a, el= l,u+a, - ( +tu2+ua , r-1 2 > 
X2 = 21 - a, es = 
( 
a2 
> 
T 
1, 21 - a, - +lu2-ua , 
y-l 2 
x3 = u, es= (l,u, iu2)T, 
where the sound speed, a, is given by 
a2 = Yp 
P’ 
(3.1) 
= 1, 2, 3, 
(3.2a) 
(3.2b) 
(3.2~) 
(3.3) 
3.2. Shock Capturing 
Consider two adjacent states WL, wu (left and right) given at either end of the cell (XL, xn), 
and consider also the algebraic problem of finding an approximate Jacobian di = A(wL, wn) in 
this cell, such that 
AAw=AF, (3.4) 
where A(.) = (.)u - (.)L, w = (p, pu, e)T, and F = (pu, p + pu2, u(e + P))~. A solution to 
this problem, for arbitrary jumps Aw, can be used to obtain a conservative scheme with good 
shock-capturing properties. 
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3.3. Construction of A 
As in [4], to determine the matrix A, we first write Aw and AF in terms of Au, where 
u = (p, U, P)~. Following the identities 
AP = AP, 
A(pu) =pAu+tiAp, and 
A(pU2) = ih$~ + ,i5~h~ = Gap+ 2jiiiAu, 
(3.5) 
(3.6) 
(3.7) 
where 
P = ; (PL + pR), (3.8) 
ti= f(uL+uR), and (3.9) 
the arithmetic mean of left and right states, together with 
(3.10) 
(3.11) 
we can write 
where 
Aw=fiAu, (3.12) 
1 0 0 
B= ii p 0 . 
[ 1 $ pjj -& (3.13) 
Similarly, 
where 
and 
where 
A(up) = ii Ap + ~Au, 
8= $L+PR) 
A(pu3) =gAp+pAu3 =zAp+3pGAu, 
and 
2=;(u;+uLuR+&) 
is an average of the square of the velocity. 
Combining equations (3.6), (3.7), (3.14), and (3.16) gives 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
(3.18) 
where 
AF=CAu, (3.19) 
(3.20) 
and thus, from equations (3.12) and (3.19), 
AF = ti 8-l Aw. (3.21) 
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Therefore, a solution of equation (3.4) is obtained with the approximate Jacobian 
A = t: B-1. (3.22) 
Following some simplification, in particular, using the identities 
2$ -2 = 02, (3.23) 
2?i2+&3;;I;=0, and (3.24) 
2.$+~-332~~=0 (3.25) 
where 
(3.26) 
is the geometric mean of left and right states, equation (3.22) gives 
AL= 
[ 
&2 (3 -ly) ii 
0 
Y-l ) 
p,c2 tic? 
Y-l 
_z+q&r772 yc 1 
where 
o2 = Yp - > 
P 
as the required average Jacobian satisfying equation (3.4). Clearly, as WL, wn 
A -+ A, the continuous Jacobian. 
(3.27) 
(3.28) 
4 w, then 
3.4. Approximate Eigenvalues and Eigenvectors 
Now, the important quantities that are needed for the scheme are the eigenvalues & and 
eigenvectors Gi of & and it is a simple matter to show that these are given by 
and 
where 
(We have used the identities ii2 - C2 = 2 - ti2 = i (Au)~ in determining these.) 
3.5. Projection 
Finally, it is necessary to project a general jump Aw onto the eigenvectors 8i, as 
Aw =k& &, 
i=l 
and by virtue of equation (3.4), we then have 
(3.29a-c) 
(3.30a-b) 
(3.3Oc) 
(3.31) 
(3.32) 
(3.33) 
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Solving equation (3.32) gives 
3.6. Numerical Scheme 
(Ap f pGAu + + (Au)~ Ap) 
Thus, in equation (2.1), we can approximate 
by virtue of the analysis of this section. 
the approximation in (3.35), then gives 
and (3.34a-b) 
(3.34c) 
(3.35) 
Applying upwind differencing to equation (2.1), using 
i:&&)j_l,2+& ($i;ai’i)j+l,2=oP (3.36) 
where Ax, At represent the mesh spacings in the x, t directions, the subscript j - l/2 refers to 
the cell [“j-r, zj], and 
X’ = i (Xi f ]Xi]) (3.37) 
represent the positive and negative parts of Xi. This gives the following first-order algorithm for 
the solution of equation (2.1) 
At - 
add - - Xi di & to WR, 
Ax 
when Xi > 0, 
add - 2 Ai & & tO WL, 
(3.38) 
when ii < 0. 
Hence, the only quanitities required for the algorithm are ii, &i, and &, and only one square root 
is taken in each computational cell, namely that in equation (3.31). Thus, we note the direction of 
flow of information given by the approximate eigenvalues Xi, and use this information to update 
the solution consistent with the theory of characteristics of equations (2.1). In addition, second- 
order transfers of these first-order increments can be made to achieve higher accuracy, providing 
they are limited to maintain monotonicity [7]. The use of these “flux-limiters” improves accuracy 
without introducing nonphysical spurious oscillations, especially at shocks. 
Finally, to allow rarefaction waves to be treated correctly, and hence to avoid entropy-violating 
solutions, the first-order increment can be considered as two separate increments being sent to 
either end of the cell. Specifically, the modified version of the scheme can be written cell-wise as 
,F+l - At 
J--l - Wj”_l + -6+&i 6i7 Ax 
i = 1,2,3, (3.39a) 
Wj”fLWjnf At _n_ _ z Ci Qi ei, i = 1,2,3, (3.39b) 
where 
(3.40a) 
(3.40b) 
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Figure 1. Solution of shock tube problem 1 at t = 0.144 s. 
and 
The expressions i!, x7 are given by 
i;F = min(j_l,&i, j-&ii), 
X9 = m=(j-&i, j+&ii), 
- I 
where j_l/zXi = Xi, and these will be different for a rarefaction wave. 
4. TEST PROBLEMS AND NUMERICAL 
We consider two test problems to assess the scheme in Section 3. 
4.1. Problem 1 
(3.4Oc) 
(3.40d) 
(3.41a) 
(3.41b) 
RESULTS 
This is the well-known shock tube problem of Sod 15) for the Euler equations, with X = 1.4 
and initial data 
I 1. 0. 1. x < A. 
p,u,p= “’ 1 0.125, 0, 0.1, 
L’ 
x> 3. 
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Figure 2. Solution of blast tube problem 2 at time t = 0.1 s (250 time steps) 
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Figure 3. Solution of blast wave problem at time t = 0.016 s (400 time steps). 
The main features of the exact solution are a shock moving to the right followed by a contact 
discontinuity, also moving to the right, but more slowly, and an expansion fan moving to the left. 
Figure 1 shows the approximate and exact solutions for p, U, p, and e at t = 0.144 s using 100 
mesh points, and a good agreement between the two can be seen. 
4.2. Problem 2 
This problem is usually described as ‘two interacting blast waves’ and is a shock tube problem 
for the Euler equations with y = 1.4 and initial data 
P, ‘LL, P = 
{ 
1, 0, 1000, 0 < z < 0.1, 
1, 0, 0.1, 0.1 < x < 0.9, 
1, 0, 100, 0.9 < z < 1. 
The walls of the tube at z = 0 and x = 1 are assumed to be perfectly reflecting. Two strong blast 
waves develop and collide producing a complex flow. A detailed description of the time evolution 
of the flow can be found in [6]. 
Figures 2-9 show the approximate solution for p and u at t = 0.01, 0.016, 0.026, 0.028, 0.03, 
0.032, 0.034, and 0.038 s, using 400 mesh points, Ax and At are Ax = 0.0025 and At = 0.00004; 
and the results compare well with those given in [6] using a more complicated Riemann solver. 
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Figure 4. Solution of blast wave problem at time t = 0.026 s (650 time steps). 
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Figure 5. Solution of blast wave problem at time t = 0.028 s (700 time steps) 
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Figure 6. Solution of blast wave problem at time t = 0.03 s (750 time steps). 
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Figure 7. Solution of blast wave problem at time t = 0.032 s (800 time steps) 
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Figure 8. Solution of blast wave problem at time t = 0.034 s (850 time steps). 
a .* 
\ 
. . . . . . . 
: 
. - 
/ - . . . . . - 
Figure 9. Solution of blast wave problem at time t = 0.038 s (950 time steps). 
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5. CONCLUSIONS 
A conservative finite difference scheme is presented for the solution of the Euler equations based 
on flux difference splitting. The use of particular cell averages of flow variables results in correct 
shock speeds being attained, and the resulting scheme is computationally efficient through the 
use of arithmetic averaging. 
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